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Abstract 
Petrovic, V. and C. Thomassen, Kings in k-partite tournaments, Discrete Mathematics 98 
(1991) 237-238. 
We prove that every k-partite tournament with at most one vertex of in-degree zero contains a 
vertex from which each other vertex can be reached in at most four steps. 
Introduction 
A tournament is an orientation of a complete graph. More generally, a 
k-partite tournament is an orientation of a complete k-partite graph. Landau [2] 
observed that every vertex u of maximum outdegree in a tournament T is a king, 
that is, for every vertex u in T, there is a directed path of length at most 2 from 21 
to U. The purpose of this note is to establish an analogous result for k-partite 
tournaments. Let us define a k-king in a directed graph D as a vertex v such that, 
for every vertex u in D, there is a directed path of length at most k from u to U. 
Thus a king in tournament is a 2-king. For references to work on tournament 
kings, see [2]. Our terminology is the same as in [l]. 
4-Kings in k-partite tournaments 
A necessary condition for a directed graph to have a k-king for some k is that 
at most one vertex has indegree zero. We shall therefore consider such 
orientations. If u and z1 are distinct vertices in a bipartite tournament which 
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dominate the same vertices, then none of u or v is a 3-king. Hence there are 
many bipartite tournaments with no 3-kings. 
Theorem 1. If T is a k-partite tournament (k 2 2) with at most one vertex of 
indegree zero, then T has a 4king. 
Proof. Let VI, V,, . . . , V, be the partite classes in T. Let vi E I$ be a vertex of 
maximum outdegree among the vertices in vl,. The subgraph of T induced by 
211, vz,. . . , vk is a tournament and has therefore a 2-king, say vl. We claim that 
v, is a 4-king in T. Let u be any vertex in T, say u E y.. We shall describe a 
directed path from v1 to u of length at most 4. First, T has a directed path P of 
length at most 2 from v1 to vi. If T also has a directed path of length at most 2 
from vi to U, then we are finished. Otherwise, u and vi dominate (and are 
dominated by) exactly the same vertices (because the outdegree of u is not bigger 
than that of vi). If i 2 2, then the predecessor x of vi on P dominates U. Replacing 
the arc (x, vi) of P by (x, U) results in a directed path of length at most 2 from v, 
to U. So assume that i = 1. We can assume that T has no directed path of length 2 
from vi to U. Hence v, and u dominate exactly the same vertices. As they do not 
both have indegree zero, there is a vertex z dominating u (and vl). Say 
z E Vj, j 3 2. By a previous case (where i 3 2) we conclude that T has a (shortest) 
directed path Q of length at most 4 from v, to z. If Q has length at most 3, then 
we add the arc (z, u) to Q. If Q has length 4, then the minimality of Q implies 
that a predecessor y of z on Q dominates v,. But then y also dominates u 
(because v1 and u are dominated by the same vertices). Replacing the arc (y, z) 
of Q by (y, U) results in a directed path of length 4 from v, to u. This completes 
the proof. 0 
It should be pointed out that Theorem 1 can be extended to larger classes of 
oriented graphs (except that the constant 4 may have to be increased). For 
example, the method of Theorem 1 can be extended to the following. 
Theorem 2. Let G be a graph whose complement is the disjoint union of complete 
graphs, cycles and paths. Then every orientation of G with at most one vertex of 
indegree zero has a &king. 
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